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Abstract
With the help of Kirchberg’s and Selberg’s theorems, we prove that the minimal tensor
product of Bðc2Þ with itself does not have the weak expectation property of Lance.
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1. Introduction
Kirchberg [8] showed a remarkable theorem that there is a unique Cn-norm on the
tensor product between a Cn-algebra with the local lifting property (LLP) and a Cn-
algebra with the weak expectation property (WEP). (See [13] for a simpler proof.) In
the same paper, he raised several interesting problems. Among others, he asked if
there is a unique Cn-norm on the tensor product of Bðc2Þ with itself. This problem
was solved negatively by Junge and Pisier [7]. Their second approach uses the
expanders (see also [17]). We refer the reader to a book of Lubotzky [10] for the
information of expanders. In this paper, we will give another application of
expanders (or more precisely, of Selberg’s theorem [14]) to the tensor product of
Bðc2Þ with itself. Our proof proceeds in the same spirit as that of Junge and Pisier [7]
(and also of Voiculescu [18]) to produce an uncountable family of operator spaces
inside a separable metric space of operator spaces embeddable into the full group
Cn-algebra CnðFÞ of a free group F: See [7] for details.
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Theorem 1. The Cn-algebra Bðc2Þ#minBðc2Þ does not have the WEP.
This theorem is a corollary of the following proposition, which is of independent
interest.
Proposition 2. There are a set L and an action s of G ¼ PSLð2;ZÞ on L (as
permutations) such that the corresponding full crossed product cNðLÞsG does not
have the LLP.
We recall that an action a of a discrete group G on a Cn-algebra A is a
homomorphism of G into the group of *-automorphisms of A: A C
n-algebra with an
action of G is called a G-Cn-algebra and a map between G-Cn-algebras is said to be
G-equivariant if the map is compatible with the G-actions. The full crossed product
Cn-algebra AsaG is then deﬁned as the universal Cn-algebra generated by a copy of
A and a unitary representation U of G under the relation Ad UðgÞðaÞ ¼
UðgÞaUðgÞn ¼ aðgÞðaÞ for gAG and aAA: We will often omit a and denote the full
crossed Cn-algebra simply by AsG: It follows from the G-equivariant Stinespring
theorem that a G-equivariant unital completely positive map between G-Cn-algebras
naturally extends to a unital completely positive map between their full crossed
products. This fact will be used in the proof of Lemma 7.
We recall the deﬁnitions of the LLP [8] and the WEP [9].
Deﬁnition 3. A unital Cn-algebra A has the LLP if for any unital completely positive
map f from A into a quotient Cn-algebra B=J and any ﬁnite dimensional operator
subsystem E in A; there is a unital completely positive lifting of c : E-B of fjE : A
Cn-algebra A has the WEP if for any faithful representation ACBðHÞ; there is a
unital completely positive map F from BðHÞ into Ann which is identical on A:
Besides nuclear Cn-algebras, a typical example of a Cn-algebra with the LLP is the
full group Cn-algebra CnðFNÞ of the free group FN on countably many generators and
a typical example with the WEP is Bðc2Þ; the Cn-algebra of all bounded linear operators
on the separable inﬁnite dimensional Hilbert space c2: Pisier [13] showed that the LLP is
closed under a full free product (see also [2]). It follows that the full group Cn-algebra
CnðGÞ has the LLP since G is isomorphic to the free product ðZ=2ZÞ*ðZ=3ZÞ: As we
mentioned in the beginning, Kirchberg [8] proved the following.
Theorem 4 (Kirchberg [8]). For Cn-algebras A and B; we have
(1) A#minB ¼ A#maxB if A has the LLP and B has the WEP,
(2) A#minBðc2Þ ¼ A#maxBðc2Þ if and only if A has the LLP,
(3) CnðFNÞ#minB ¼ CnðFNÞ#maxB if and only if B has the WEP.
We use the following variant of the deep theorem of Selberg [14] which has already
been applied to Cn-algebras by Bekka [1] to show that some full group Cn-algebras
N. Ozawa / Journal of Functional Analysis 198 (2003) 499–510500
of residually ﬁnite groups are not residually ﬁnite dimensional Cn-algebras. We refer
the reader to Sections 4.3 and 4.4 in [10] for this theorem.
Theorem 5 (Selberg [14]). The trivial representation of SLð2;ZÞ is isolated in the
set of all unitary representations which factor through SLð2;Z=mZÞ for some
mAN:
This theorem means that for any ﬁnite generating subsetS of SLð2;ZÞ; there are a
constant kS40 and a continuous function aS :RX0-RX0 with aSð0Þ ¼ 0 such that
the following holds; if p is a unitary representation of SLð2;ZÞ on a Hilbert spaceH;
which factors through SLð2;Z=mZÞ for some mAN; and xAH is a unit vector with
¼ maxgAS jjpgx xjjokS; then there is a unit vector ZAH such that pgZ ¼ Z for all
gASLð2;ZÞ and jjx ZjjoaSðeÞ: We observe here that the uniform convexity of a
Hilbert space implies that, for each n; there is a continuous function bn : RX0-RX0
with bnð0Þ ¼ 0; such that the following holds: if x1;y; xn are vectors in H with
jjxijjr1 such that jj
Pn
i¼1 xijj4nð1 eÞ; then jjxi  x1jjobnðeÞ for all i: In particular,
if u1 ¼ 1; u2;y; un are contractions onH with jj
Pn
i¼1 uijj4nð1 eÞ; then there is a
unit vector x such that jjuix xjjobnðeÞ for all i:
2. Proofs
We recall from [7,12] that OSd is the set of all d-dimensional operator spaces,
equipped with the cb Banach Mazur distance topology. By the deﬁnition of the LLP,
the set of d-dimensional operator subspaces of a (not necessarily separable) Cn-
algebra with the LLP is contained in the set of d-dimensional operator subspaces of
the separable Cn-algebra CnðFNÞ; and a fortiori, is separable in OSd : Therefore, to
show a Cn-algebra A does not have the LLP, it sufﬁces to show that the set of d-
dimensional operator subspaces of A is not separable for some d: This was done by
Junge and Pisier [7] for A ¼ Bðc2Þ: In this section, we will ﬁnd an explicit example of
an action s of G ¼ PSLð2;ZÞ on a set L and d such that the set of d-dimensional
operator subspaces of cNðLÞsG is non-separable.
For each prime number p; we let Lp be the projective space ðZ2p  f0gÞ=Zp ; where
Z2p is the two-dimensional vector space over the ﬁnite ﬁeld Zp ¼ Z=pZ: We observe
jLpj ¼ ðp2  1Þ=ðp  1Þ ¼ p þ 1 and denote by ½t the equivalence class of ðt 1ÞT for
tAZp and by ½N the equivalence class of ð1 0ÞT : The action of G on Z2p (through
linear transformation by SLð2;ZpÞ) induces a transitive action sp of G on the set Lp:
Let pp be the corresponding unitary representation of G on c2ðLpÞ: For example,
letting
h ¼ 1 1
0 1
 !
and k ¼ 0 11 0
 !
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be elements in G; we have ppðhÞd½t ¼ d½tþ1 and ppðkÞd½t ¼ d½t1 for all t in Zp,N:
Let wp ¼ jLpj1=2
P
xALp dxAc2ðLpÞ be the constant function of norm 1 and let
zABðc2ðLpÞÞ be the projection onto the one-dimensional subspace Cwp: We observe
that z is in the center of CnðppðGÞÞ: Let p0p be the subrepresentation of pp; which is
the restriction to the subspace ð1 zÞc2ðLpÞ:
Lemma 6. The representation p0p is irreducible for every prime number p:
Proof. This is well known (cf. [3, pp. 71–72]), but we include the proof for the
reader’s convenience. We assert that the eigenspace F of ppðhÞ w.r.t. the eigenvalue 1
is the two-dimensional subspace F 0 spanned by wp and d½N: Indeed, if z ¼P
tAZp,N cðtÞd½t is in F ; then it follows from the equation ppðhÞz ¼ z that cðtÞ ¼ cð0Þ
for all tAZp: This shows FCF 0; while the converse inclusion is clear. Therefore,
Cnðp0pðGÞÞ contains the rank one projection onto the subspace spanned by
ð1 zÞd½N and the irreducibility of p0p follows from the transitivity of sp: &
Combined with Schur’s lemma, this implies that, for paq; any ﬁxed vector for the
representation pq#pp is a scalar multiple of wq#wp; where pq is the conjugate
representation of pq on the conjugate Hilbert space c2ðLqÞ:
Let O be the set of all prime numbers and let L ¼TpAOLp be the disjoint union.
Then, the collection ðspÞpAO induces an action s of G on the set L and an action a on
cNðLÞ: We denote by UðgÞ the implementing unitary of gAG in the full crossed
product cNðLÞsaG: Fixing a faithful representation CnðGÞCBðHÞ of the full
group Cn-algebra of G; with uðgÞ denoting the unitary corresponding to gAG; we
deﬁne a covariant representation
r : cNðLÞsG-Bðc2ðLÞ#HÞ
by cNðLÞ{a/a#1ABðc2ðLÞ#HÞ and G{g/pðgÞ#uðgÞABðc2ðLÞ#HÞ; where
we put pðgÞ ¼"pAOppðgÞABðc2ðLÞÞ:
Lemma 7. The representation r is faithful.
Proof. Consider the G-equivariant diagonal embedding of ðcNðLÞ; aÞ into
ðBðc2ðLÞÞ;Ad pÞ: Since cNðLÞ is the range of a G-equivariant conditional
expectation from Bðc2ðLÞÞ; the canonical morphism
cNðLÞs
a
G-Bðc2ðLÞÞs
Ad p
G
is faithful. Since Ad p is inner, we have an isomorphism
Bðc2ðLÞÞs
Ad p
GDBðc2ðLÞÞ#
max
CnðGÞ;
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where the implementing unitaries UðgÞ on the left-hand side are mapped to
pðgÞ#uðgÞ on the right-hand side. It follows from the LLP of CnðGÞ and Theorem 4
that
Bðc2ðLÞÞ#
max
CnðGÞ ¼ Bðc2ðLÞÞ#
min
CnðGÞCBðc2ðLÞ#HÞ:
Composing these three morphisms, we obtain the conclusion. &
We ﬁx a unitary up in cNðLpÞ for each p with ðupwp j wpÞ ¼ 0 and deﬁne an element
uo in cNðLÞ; for each subset o of O; by
uoðxÞ ¼
upðxÞ if xALp with pAo;
0 if xALp with peo:
(
Let S ¼ fI ; h; kg be the ﬁnite set of generators of G and let Eo; for each subset o of
O; be the four-dimensional operator space in cNðLÞsG spanned by uo and UðgÞ;
gAS:
Lemma 8. The subset fEo : o a subset ofOg of OS4 is non-separable in the cb
Banach–Mazur distance topology.
Proof. To prove fEogo is non-separable, suppose the contrary that fEogo is
separable. We ﬁx e40: As it was argued in Remark 2.10 in [7], it follows that one can
ﬁnd distinct o and o0; and qAo0\o such that there is a complete contraction
j : Eo-Eo0 with jjuo0  jðuoÞjjoe and jjUðgÞ  jðUðgÞÞjjoe for gAS: Letepq : cNðLÞsG-Bðc2ðLqÞÞ be the covariant representation corresponding to the
quotient map from cNðLÞ onto cNðLqÞCBðc2ðLqÞÞ and the unitary representation
pq of G on c2ðLqÞ: It follows that c ¼ epq3j is a complete contraction with
jjuq  cðuoÞjjoe and jjpqðgÞ  cðUðgÞÞjjoe for gAS: Hence, we have that
jjuq#uo þ
X
gAS
pqðgÞ#UðgÞjjBðc2ðLqÞÞ#
min
ðcNðLÞsGÞ
Xjjuq#cðuoÞ þ
X
gAS
pqðgÞ#cðUðgÞÞjjBðc2ðLqÞ#c2ðLqÞÞ
4jjuq#uq þ
X
gAS
pqðgÞ#pqðgÞjjBðc2ðLqÞ#c2ðLqÞÞ  4e
¼ 4ð1 eÞ:
Combining the above inequality with Lemma 7, we have
uq#uo#1þ
X
gAS
pqðgÞ#pðgÞ#uðgÞ




Bðc2ðLqÞ#c2ðLÞ#HÞ
44ð1 eÞ:
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By the uniform convexity of Hilbert spaces, we can ﬁnd a unit vector
z ¼
X
ðx;yÞALqL
dx#dy#zðx; yÞAc2ðLqÞ#c2ðLÞ#H
such that
jjz ðuq#uo#1ÞzjjobðeÞ and jjz ðpqðgÞ#pðgÞ#uðgÞÞzjjobðeÞ
for gAS; where b :RX0-RX0 is a continuous function with bð0Þ ¼ 0 (cf. the
remarks following Theorem 5). From the ﬁrst inequality and the fact that qeo; we
may assume that z is zero on Lq  Lq: We put
x ¼
X
ðx;yÞALqL
dx#dyjjzðx; yÞjjAc2ðLqÞ#c2ðLÞ:
It follows that
bðeÞ4jjz ðpqðgÞ#pðgÞ#uðgÞÞzjjc2ðLqÞ#c2ðLÞ#H
¼
X
ðx;yÞALqL
dx#dy#ðzðx; yÞ  uðgÞzðsqðg1Þx; sðg1ÞyÞÞ




c2ðLqÞ#c2ðLÞ#H
X
X
ðx;yÞALqL
dx#dyðjjzðx; yÞjj  jjuðgÞzðsqðg1Þx; sðg1ÞyÞjjÞ




c2ðLqÞ#c2ðLÞ
¼ jjx ðpqðgÞ#pðgÞÞxjjc2ðLqÞ#c2ðLÞ
for gAS: We are now in position to employ Selberg’s theorem. Indeed, the unit
vector x is zero on Lq  Lq and, for paq; Lemma 6 implies that any ﬁxed vector for
the representation pq#pp is a scalar multiple of wq#wp: Thus, it follows from
Theorem 5 that
jjx wq#Zjjc2ðLqÞ#c2ðLÞoaðbðeÞÞ
for some unit vector ZAc2ðLÞ; where a :RX0-RX0 is a continuous function with
að0Þ ¼ 0 (cf. the remarks following Theorem 5). Finally, we have
bðeÞ4jjz ðuq#uo#1Þzjj
¼ jjx ðuq#uoÞxjj
4 jjðwq#ZÞ  ðuq#uoÞðwq#ZÞjj  2aðbðeÞÞ
¼ 21=2  2aðbðeÞÞ
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(recall that we chose up so that wp>upwp), but this gives a contradiction when e40 is
chosen sufﬁciently small. This completes the proof. &
We now prove Proposition 2 and Theorem 1.
Proof. Proposition 2 follows from Lemma 8 as we have explained in the
ﬁrst paragraph of this section. We turn to the proof of Theorem 1. To show
that Bðc2Þ#minBðc2Þ does not have the WEP, suppose the contrary
that Bðc2Þ#minBðc2Þ has the WEP. We take L as in Proposition 2 so that, by
Theorem 4,
ðcNðLÞsGÞ#
min
Bðc2ÞaðcNðLÞsGÞ#
max
Bðc2Þ:
By universality, we have the canonical isomorphism
ðcNðLÞsGÞ#
max
Bðc2Þ ¼ ðcNðLÞ#
min
Bðc2ÞÞsG;
here G acts on Bðc2Þ trivially. By the assumption that Bðc2ðLÞÞ#minBðc2Þ has the
WEP, arguing as Lemma 7, one can show that the canonical morphism
ðcNðLÞ#
min
Bðc2ÞÞsGCBðc2ðLÞ#c2#HÞ
is faithful. Composing these, we have a faithful representation
ðcNðLÞsGÞ#
max
Bðc2Þ-Bðc2ðLÞ#H#c2Þ
which obviously factors through ðcNðLÞsGÞ#minBðc2Þ: This is absurd. &
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Appendix A. A pathology in equivariant KK-theory
With the help of Wassermann’s construction [19], we prove the following.
Theorem A.1. Let G ¼ SLð3;ZÞ and let M ¼QNn¼1Mn: There is a short exact
sequence of separable commutative G-Cn-algebras 0-J-B-A-0 such that the
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corresponding sequence
K0ðM#
min
ðJsGÞÞ-K0ðM#
min
ðBsGÞÞ-K0ðM#
min
ðAsGÞÞ
is not exact.
Corollary A.2. The six-term exact sequence in G-equivariant KK-theory fails to hold
for the short exact sequence of separable commutative G-Cn-algebras appearing in
Theorem A.1.
This corollary was pointed out by Skandalis and the proof is almost the same as
[15]. Maghfoul [11] proved that such a pathology does not occur under a certain K-
theoretical amenability condition on G: On the other hand, Higson et al. [6] found a
similar pathology for Gromov’s non-exact group G [4].
From now on, we denote the group SLð3;ZÞ by G: For each prime number p; we
let Lp be the projective space ðZ3p  f0gÞ=Zp and observe that jLpj ¼ ðp3  1Þ=ðp 
1Þ ¼ p2 þ p þ 1: The action of G on Z3p (through linear transformation by SLð3;ZpÞ)
induces a transitive action sp of G on the set Lp: Let pp be the corresponding unitary
representation of G on c2ðLpÞ: Let wp ¼ jLpj1=2
P
xALp dxAc2ðLpÞ be the constant
function of norm 1 and let zABðc2ðLpÞÞ be the projection onto the one-dimensional
subspace Cwp: We observe that z is in the center of C
nðppðGÞÞ: Let p0p be the
subrepresentation of pp; which is the restriction to the subspace ð1 zÞc2ðLpÞ: A
proof similar to that of Lemma 6 in Section 2 yields the following lemma.
Lemma A.3. The representation p0p is irreducible for every prime number p:
Let O be an inﬁnite set of odd prime numbers such that p; qAO and p4q implies
that p  1 mod q (and in particular p42q). Such an inﬁnite set O exists by Dirichlet’s
theorem. For each pAO; we deﬁne the subset XpCLp by
Xp ¼ fð1 a bÞTALp : a ¼ 0; 2; 4;y; p  1; bAZpg
and observe that jLpj=3ojXpj ¼ ðp2 þ pÞ=2ojLpj=2: For h ¼ I3 þ e21AG; we have
that
spðhqÞXp-Xp-spðhqÞXp ¼ |
whenever p; qAO are distinct. Indeed, this easily follows from the fact that we have
either q  1 mod p (and hence spðhqÞ ¼ spðhÞ) or 2qop when p; qAO are distinct.
The action sp induces an action of G on cNðLpÞ and on
Q
pAO cNðLpÞ: We often
identify cNðLpÞ with the diagonal of Bðc2ðLpÞÞ: For each pAO; let epAcNðLpÞ be the
characteristic function of Xp: Let e ¼ ðepÞpA
Q
pAO cNðLpÞ be a projection, B be the
unital separable G-Cn-subalgebra of
Q
pAO cNðLpÞ generated by e and J ¼
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"pAOcNðLpÞ and let Q be the G-equivariant quotient from B onto A ¼ B=J: We
denote by UðgÞ the implementing unitary of gAG in the full crossed product BsG:
For M ¼QqAO Bðc2ðLqÞÞ and a ﬁxed ﬁnite symmetric set S of generators of G
containing the unit, we deﬁne a self-adjoint element s and a projection t in
M#minðBsGÞ by
s ¼ 1jSj
X
gAS
pðgÞ#UðgÞ and t ¼ %e#e þ ð1 eÞ#ð1 eÞ;
where pðgÞ ¼ ðpqðgÞÞqA
Q
qAOBðc2ðLqÞÞ: Since G ¼ SLð3;ZÞ has the Kazhdan
property [5,16], there is 0oeo1 such that SpðsÞC½1; 1 e,f1g (cf. the remarks
following Theorem 5). We will prove that the spectrum of r ¼ s þ t has a gap around
2. For this reason, we decompose r into a direct sum. For each qAO; let Qq be the
canonical quotient from
Q
pAO cNðLpÞ onto cNðLqÞ; and let Q0q be the canonical
quotient from
Q
pAO cNðLpÞ onto
Q
pAO\fqg cNðLqÞ: We still denote their restriction
to B by Qp and Q
0
q and let Aq ¼ QpðBÞ ¼ cNðLqÞ and A0q ¼ Q0pðBÞ: Since we have
B ¼ Aq"A0q as a G-Cn-algebra, BsG ¼ AqsG"A0qsG: Therefore, we have
M#
min
ðBsGÞC
Y
qAO
Bðc2ðLqÞÞ#
min
ðAqsGÞ"Bðc2ðLqÞÞ#
min
ðA0qsGÞ

 
:
We denote, respectively by rq; sq and tq the direct summands of r; s and t in
Bðc2ðLqÞÞ#minðAqsGÞ and by r0q; s0q and t0q the direct summands of r; s and t in
Bðc2ðLqÞÞ#minðA0qsGÞ:
Lemma A.4. We have 2ASpðrqÞC½1; 2 104e,f2g and Spðr0qÞC½1; 2 104e:
Proof. Let CnðGÞCBðHÞ be a faithful representation and denote by uðgÞ the unitary
in CnðGÞ corresponding to gAG: Since Aq ¼ cNðLqÞ is ﬁnite dimensional, it is not
hard to see that the representation of AqsG on c2ðLqÞ#H given by Aq{a/a#1
and G{g/pqðgÞ#uðgÞ is faithful. Hence, we have
sq ¼ 1jSj
X
gAS
pqðgÞ#pqðgÞ#uðgÞ
and
tq ¼ eq#eq#1þ ð1 eqÞ#ð1 eqÞ#1
on c2ðLqÞ#c2ðLqÞ#H: We identify the Hilbert space c2ðLqÞ#c2ðLqÞ#H with the
space K of Hilbert–Schmidt operators from c2ðLqÞ to c2ðLqÞ#H so that
pqðgÞ#pqðgÞ#uðgÞ acts on K by K{T/ðpqðgÞ#uðgÞÞTpqðgÞnAK: Then, it
follows from the uniform convexity of a Hilbert space (cf. the remarks following
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Theorem 5) that the eigenspace K0 of sq w.r.t. the eigenvalue 1 is
K0 ¼ fTAK: ðpqðgÞ#uðgÞÞTpqðgÞn ¼ T for all gAGg:
For each x :Lq-H; we associate SxAK deﬁned by SxðdxÞ ¼ dx#xx and then we
deﬁne the subspace K1 of K by
K1 ¼ fSxAK: x satisfies uðgÞxx ¼ xsqðgÞx for all xALq and gAGg:
Since H contains a non-zero ﬁxed vector for the unitary representation u; it is
not too difﬁcult to see that K1 is non-empty and contained in the inter-
section of eigenspaces of sq and tq w.r.t. the eigenvalues 1 (and hence rqjK1 ¼ 2).
We claim that SpðrqjK>1 ÞC½1; 2 104e: This easily follows if we prove that
jjtqðTÞjjoð25=36Þ1=2jjT jj for any TAK0~K1: To prove this, we give ourselves
TAK0~K1 of norm 1. Since TAK0; we have that x :Lq-H; given by xx ¼
ðTdxÞðxÞ; satisﬁes uðgÞxx ¼ xsqðgÞx for every xALq and gAG: It follows that 0 ¼
ðT ; SxÞK ¼
P
x jjðTdxÞðxÞjj2 and hence ðTdxÞðxÞ ¼ 0 for all xALq: We deﬁne
T˜ABðc2ðLqÞÞ by T˜dx ¼ jTdxj; where for zAc2ðLqÞ#H; the vector jzjAc2ðLqÞ is
given by jzjðxÞ ¼ jjzðxÞjjH: Since T˜ commutes with pqðGÞ and its diagonal entries are
zero, it follows from Lemma A.3 that T˜ ¼ þmz with nlþ m ¼ 0; where n ¼ jLqj:
Since jjT˜jj ¼ jjT jj ¼ 1; we obtain T˜ ¼ ðnðn  1ÞÞ1=2ðnz  1Þ: Therefore, we have
jjtqðTÞjj2 ¼ jjðeq#1ÞTeq þ ðð1 eqÞ#1ÞTð1 eqÞjj2K
¼
X
xAXq
jjeqT˜ðdxÞjj2 þ
X
xALq\Xq
jjð1 eqÞT˜ðdxÞjj2
¼ðnðn  1ÞÞ1ðjXqjðjXqj  1Þ þ ðn  jXqjÞðn  jXqj  1ÞÞ
o ð1=2Þ2 þ ð2=3Þ2 ¼ 25=36
since n=3ojXqjon=2: This completes the proof of the ﬁrst half.
Take a faithful representation A0qsGCBðHÞ and denote e0q ¼ Q0qðeÞAA0q and
U 0qðgÞAA0qsG the implementing unitary for gAG: Then, by the construction, we
have
f :¼ 31ðAd U 0qðhqÞðe0qÞ þ e0q þAd U 0qðhqÞðe0qÞÞr2=3
in A0q as spðhqÞXp-Xp-spðhqÞXp ¼ | for all pAO\fqg: We note that
s0q ¼
1
jSj
X
gAS
pqðgÞ#U 0qðgÞ and t0q ¼ eq#e0q þ ð1 eqÞ#ð1 e0qÞ
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on c2ðLqÞ#H: We identify the Hilbert space c2ðLqÞ#H with the space K of
Hilbert–Schmidt operators from c2ðLqÞ to H so that pqðgÞ#U 0qðgÞ acts on K by
K{T/U 0qðgÞTpqðgÞnAK: Then, it follows from the uniform convexity of a Hilbert
space (cf. the remarks following Theorem 5) that the eigenspace K0 of s
0
q w.r.t. the
eigenvalue 1 is
K0 ¼ fTAK: U 0qðgÞTpqðgÞn ¼ T for all gAGg:
We claim that jjt0qðTÞjjoð8=9Þ1=2jjT jj for any TAK0: Then the second half of this
lemma follows. To prove this, we give ourselves TAK0 of norm 1: Since U 0qðhqÞT ¼
TpqðhqÞ ¼ T ; we have
jjtqðTÞjj2 ¼TrðTne0qTeq þ Tnð1 e0qÞTð1 eqÞÞ
¼TrðTnfTeq þ Tnð1 f ÞTð1 eqÞÞ
p 1 31TrðTnTeqÞ:
Since TnT commutes with pqðGÞ; it follows from Lemma A.3 that TnT ¼ l1þ mz for
some real number l and m with ljLqj þ m ¼ 1: Hence, we have that TrðTnTeqÞ ¼
jXqj=jLqj41=3: This completes the proof. &
We now prove Theorem A.1.
Proof. Since we have SpðrÞC½1; 2 104e,f2g by Lemma A.4, the spectral
projection d of r corresponding to the spectral subset f2g is contained in the Cn-
algebra M#minðBsGÞ: Since
M#
min
ðAsGÞC
Y
qAO
Bðc2ðLqÞÞ#
min
ðAsGÞ

 
and the quotient Q from B onto A factors through A0q for each qAO; we have that
ðidM#Q˜ÞðdÞ ¼ 0 by Lemma A.4, where Q˜ is the quotient from BsG onto AsG
induced by Q: Finally, we observe that the K0-element corresponding to d does not
come from K0ðM#minðJsGÞÞ as any element from K0ðM#minðJsGÞÞ vanishes
on tq for all but ﬁnitely many qAO; where tq is the tracial state on
Bðc2ðLqÞÞ#minBðc2ðLqÞÞ evaluated through epq : BsG-Bðc2ðLqÞÞ: &
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